G'2-structure deformations and warped products 
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Abstract. We overview the properties of non-infinitesimal deformations of 
G2-structures on seven- manifolds, and in particular, focus on deformations 
that lie in the seven-dimensional representation of G2 and are thus defined 
by a vector. We then consider deformations from G2-structures with the 
torsion class having one-dimensional and seven-dimensional components (so- 
called conformally nearly parallel G2-manifolds) to G2-structures with just a 
one-dimensional torsion component (nearly parallel G2-manifolds). We find 
that deformations between such structures exist if and only if the metric is a 
particular warped product metric. 



1. Introduction 

One of the most general geometric structures that can be constructed on a 
7-dimensional manifold is a G'2-structure. A G'2-structure can be considered as a 
generalization of the vector cross product on K"^ [8]. It is well-known that a 7- 
manifold admits a G2-structure if and only if it is orientable and admits a spin 
structure, or equivalently, if the first two Stiefel- Whitney classes vanish [S |7]- A 
very important special case of a G'2-structure is a torsion-free G'2-structure. This 
implies that the holonomy group lies in G2- In Section [5] we give a more pre- 
cise definition and an overview of the properties of G'2-structures. The concept of 
G2-structures also has important applications in physics - as shown in [16] . the 
most general backgrounds for M-theory compactifications with fluxes are indeed 
7-manifolds with G2-structures with some particular torsion. 

Given a 7-manifold with a G2-structure defined by the 3-form ip with torsion 
T, a natural question to ask is whether we can modify this 3-form to get a new 
G2-structure with torsion that lies a strictly lower torsion class. If f is deformed 
by a 3-form lying in the 7-dimensional component of A'^, it is easy to see that 
such a deformation will always yield a new G2-structure and in my paper [10] . I 
have explicitly calculated the new torsion in terms of the old one, and the derived 
the equation that v must satisfy to take a torsion T to torsion T. It was moreover 
shown that on closed, compact manifolds there are no such deformations from strict 
torsion classes Wi, W7, Wi © W7 to the vanishing torsion class Wq, and vice versa. 

In this paper we use the general results from |10) and apply them to the sit- 
uation when we want a transition from the torsion class Wi © W7 to Wi. The 
torsion class Wi © is known as conformally nearly parallel because a conformal 
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transformation takes Wi © W7 to Wi. Here, however, we show that there exists a 
deformation of ip in Ay that takes a torsion in Wi ® W7 to W\ if and only if the 
metric is a particular warped product. However G2-structures with such torsion 
have been constructed by Cleyton and Ivanov in [5] as a warped product of an 
interval over a nearly Kahler manifold, so these examples fit as solutions. 

2. G2-structures 

The 14-dimensional group G2 is the smallest of the five exceptional Lie groups 
and is closely related to the octonions. In particular, G2 can be defined as the 
automorphism group of the octonion algebra. Taking the imaginary part of octonion 
multiplication of the imaginary octonions defines a vector cross product on y = 
and the group that preserves the vector cross product is precisely G2. A more 
detailed account of the relationship between octonions and G2 can be found in 
[H |9].The structure constants of the vector cross product define a 3-form on W , 
hence G2 can alternatively be defined as the subgroup of GL (7, R) that preserves a 
particular 3-form [13] . In general, given a n-dimensional manifold M, a G-structure 
on M for some Lie subgroup G of GL (n, R) is a reduction of the frame bundle F 
over M to a principal subbundle P with fibre G. A G2-structure is then a reduction 
of the frame bundle on a 7-dimensional manifold M to a G2 principal subbundle. It 
turns out that there is a 1-1 correspondence between G2-structures on a 7-manifold 
and smooth 3-forms ip for which the 7-form-valued bilinear form as defined by 
()2.H) is positive definite (for more details, see [2] and the arXiv version of |12j ). 

(2.1) (it, u) = i (uj(^) A (wjc/j) A 

Here the symbol j denotes contraction of a vector with the differential form: 

Note that we will also use this symbol for contractions of differential forms using 
the metric. 

A smooth 3-form Lp is said to be positive if is the tensor product of a 
positive-definite bilinear form and a nowhere-vanishing 7-form. In this case, it 
defines a unique metric and volume form vol such that for vectors u and v, the 
following holds 

(2.2) {u, v) vol = i {u_np) A {v^(p) A ip 
In components we can rewrite this as 

(2-3) {g^)ab = (det S)-^ Sab where Sab = ■^^amnVbpg^rstS""'"'"'""* ■ 

Here g™"??''''* is the ahernating symbol with e^^ "'^ = +1. Following Joyce ([l3]), 
we will adopt the following definition 

Definition 2.1. Let M be an oriented 7-manifold. The pair {(p, g) for a positive 
3-form p and corresponding metric g defined by ()2.2|) will be referred to as a G2- 
structure. 

Since a G2-structure defines a metric and an orientation, it also defines a Hodge 
star. Thus we can construct another G2-invariant object - the 4-form *p). Since 
the Hodge star is defined by the metric, which in turn is defined by p, the 4-form 
*ip depends non-linearly on p. For convenience we will usually denote *p> by -0. 
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For a general G-structure, the spaces of p-forms decompose according to irre- 
ducible representations of G. Given a G'2-structure, 2-forms split as h? — A7® Af4, 
where A^ = {ajip: for a vector field a\ and 

Ai4 = {ijj e A^: (cjafc) e 02} = {w e A^: i^^ip = 0} . 

The 3-forms split as A'^ = Aj © A^ © A27, where the one-dimensional component 
consists of forms proportional to forms in the 7-dimcnsional component are 
defined by a vector field Af = {aji/': for a vector field a}, and forms in the 27- 
dimensional component are defined by traceless, symmetric matrices: 

(2.4) Klj = |x e A^ : Xabc = ^fa'/5fcc]d for Kb traceless, symmetricj . 

By Hodge duality, similar decompositions exist for A'' and A^. A detailed descrip- 
tion of these representations is given in [2|i [3]. Also, formulae for projections of 
differential forms onto the various components are derived in detail in |10L llll I15j . 

The intrinsic torsion of a G2-structure is defined by V(p, where V is the Levi- 
Civita connection for the metric g that is defined by ip. Following fl5j, it is easy 
to see 

(2.5) Vif K\® K^t'^ W. 

Here we define W as the space Ay A^. Given (|2.5p . we can write 

(2.6) VaVbcd = Ta '^ebcd 

where Tab is the full torsion tensor. From this we can also write 

(2.7) Tr = ^iVa^bcd)i^"''''- 

This 2-tcnsor fully defines V93 since pointwise, it has 49 components and the space 
W is also 49-dimensional (pointwise). In general we can split Tab according to 
representations of G2 into torsion components: 

(2.8) T ^Tig + Tr_sip + Tii + T27 

where ri is a function, and gives the 1 component of T. We also have r7, which is 
a 1-form and hence gives the 7 component, and, tu G Af^ gives the 14 component 
and r27 is traceless symmetric, giving the 27 component. Hence we can split W as 

(2.9) W = Wi®W7®Wi4® W27. 

As it was originally shown by Fernandez and Gray [6], there are in fact a total 
of 16 torsion classes of G2-structures that arise as the subsets of W to which \7(p 
belongs. Moreover, as shown in [15|, the torsion components relate directly to 
the expression for dip and dip. In fact, in our notation, 

(2.10a) dip ~ ATitp — Sry Kp — ^t^j 

(2.10b) dip = -4tj A->p - 2*Ti4. 

Note that in the literature ([3l [5], for example) a slightly different convention 
for torsion components is sometimes used. Our ri then corresponds to jTq, ry 
corresponds to — ri in their notation, r27 corresponds to — T3 and tu corresponds 
to — 5T2. Similarly, our torsion classes Wi © W7 © Wu © W27 correspond to Wq © 

Wi ®W2 (BW3. 

An important special case is when the G2-structure is said to be torsion-free, 
that is, T = 0. This is equivalent to Vip = and also equivalent, by Fernandez 
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and Gray, to d^p — dip — 0. Moreover, a G2-structure is torsion-free if and only if 
the holonomy of the corresponding metric is contained in G2 |13j . The holonomy 
group is then precisely equal to G2 if and only if the fundamental group tti is finite. 

The torsion tensor Tab and hence the individual components Ti,r7,Ti4 and 
T27 must also satisfy certain differential conditions. For the exterior derivative d, 
d^ = 0, so from (|2.10[) . must have 

(2.11a) d(4Tii/'-3r7A(^-*r27) = 

(2.11b) d (4t7 A 1/; + 2 * ri4) = 

These conditions are explored in more detail in jlOj. However for some simple 
torsion classes, the conditions on torsion components simplify. In particular, if the 
torsion is in the class Wi, so that only the ti component is non- vanishing, we 
just get the condition dri— 0. Similarly, for the W7 class the condition is drj— 0. 
For the class T4^i©M^7, both ri and tj are non- vanishing, and the condition is 
dri — TiTj. So if Ti is nowhere zero, we have 

(2.12) T7 = rf(l0gTi). 

However if ri does vanish somewhere, it was shown in [5] that it must in fact vanish 
identically, and so the torsion class reduces to Wj. 



3. Deformations of G2-structures 

Suppose we have a G2-structure on M defined by the 3-form cp, and we want 
to obtain a new G2-structure ip by adding another 3-form x 

(3.1) p — xp^tp + x 

There are a number of challenges associated with this. Firstly, for a generic 3-form 
Xj the 3-form ip may not even define a G2-structure. In order for p to define a 
G2-structure it has to be a positive 3-form. In this case, as shown in ([11|1. ip 
defines a Riemannian metric g given by 

(3.2) ^''"^(Sf) ''''' 
for 

(3.3) Sab = gab + ^Xm„(a<Pb)"" + ^Xam«Xfcpg V'""^'^ + -^XamnXbpq (*X)""^'' 

In fact, p is positive if and only if s is positive-definite, so in general this gives some 
algebraic constraints on x- If assume that ip does in fact define a G2-structure, 
the next question is the torsion class of the new G2-structure. The metric g defines 
a Levi-Civita connection V, so the new torsion (with lowered indices) is 

1 / ~ \ - bed 

(3-4) T„„ = — [VaPbcd ) Vm 

Here ^ = the Hodge dual of ip with the Hodge star * being defined by the 
metric g. The tilded raised indices on ip denote indices raised by g. In [10] . I 
derived an explicit expression for T in terms of the old torsion T and the 3-form 
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Proposition 3.1 ([10]). Given a deformation of ip as in iS. 1]) . the full torsion 
T of the new G2 -structure ip is given by 

(3.5) +V' ^ aXbcd ^aXbcd (*X) ) ^mn 

-3 (4^, + * x"''" + Xcp,^''"' + Xcp, i^xr") X 

X (^(^^VfeSad - ^Slgbng^^'^dSpq 

where Sab is given by IIS.S\) . 

Using p.Sp , it is then possible to extract the components of T in Wi © Wi © 
Wi4 ffi W27 and hence determine the new torsion class. Note that since the G2- 
structure is different, the decomposition Wi © Wr © W14 ffi 14^27 differs from Wi © 
14^7 © Wi4 © W27- An interesting question is whether, given a G'2-structure in a 
specific torsion class, we can find a 3-form x such that the new G2-structure is 
in a strictly smaller torsion class. From (j3.5p . this obviously involves solving a 
non-linear differential equation for Xi subject to algebraic constraints that (j3.3p is 
positive-definite. One way to simplify the problem is to restrict the choice of x- 
Using the original G2-structure ip we can decompose the 3-form x according to 
representations of G2. So in general it has a component that is proportional 
to p, a Ay component that is of the form wj?/; for some vector v and a more 
complicated A27 component. For a generic Xj niany of the difficulties come from 
the A27 component. These of course can be avoided if we only consider deformations 
by 3-forms that have components only in either A J or A^. 

A deformation by a 3-form in Aj is equivalent to a conformal transformation. 
So let x = {f^ ~ 1) so that p — f^p. Clearly p still defines a G2-structure. 
Then from ([^ and we get 

(3.6) Sab = f^gab and thus, gab = f^gab- 
Substituting into (|3.5p . we find that 

(3.7) f = fT- df^p 

In particular, we see that such a transformation only affects the W7 component of 
the torsion. Moreover, if T has a Wi component T7 that is an exact form, then we 
can always find a function / so that a conformal transformation will remove this 
torsion component. 

As an example, suppose p has torsion in the strict class Wi ffi W7. Then from 
(|2.12p . we know that t-j — d{\ogTi). Hence if we take / = ^ for any non-zero 
constant G, the new torsion will be 

(3.8) f =^rig = G(^)'.9 = G5 

and thus in the Wi class. Therefore, the conformal transformation ip = {^y^ p 
reduces the class Wx © Wj to Wi . Conversely, a conformal transformation of the 
Wi class will result in Wi © W7. Since G2-structures in the Wi class are sometimes 
called nearly parallel, the G2-structures in the strict Wi © Wj class are referred to 
as conformally nearly parallel. If Wi = 0, then we just have the Wr class. In this 
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case, we know that tj is closed. So by the Poincare Lemma, we can at least locally 
find a function h such that dh — t-j . By taking a conformal transformation with 
f = e^, we can thus remove the torsion locally. Hence the W7 class is sometimes 
called locally conformally parallel. 

Now suppose we look at deformations where Xbcd = '^'^i^bcde ^ ^7- It was 
shown by Karigiannis in |14| . that in this case, if we let = M, with respect to 
the old metric g, 

(3.9a) Sab = (1 + M) gab - VaVb 



(3.9b) 




= (1+M)3 



(3.9c) gab = (1+M) ^ {{I + M) gab - VaVb) 

(3.9d) = (1 + M)"3(,g"" +«"«") 

Note that the deformed metric defined above is always positive definite. To see 
this, suppose is some vector, then 

(3.10) gabCe = (1 + Kf ) (lei' + \v\' lei' - {VaCf) > 

since (faC°)^ ^ kl^ ICI^- Therefore, under such a deformation, the 3-form ip is 
always a positive 3-form, and thus indeed defines a G2-structure. 

In |10) . the expression for the new torsion was derived using (13. 9p and (|3.5I) . 
This is a very long and messy expression, which we will not reproduce here, but it 
gives the new torsion in terms of the old torsion components and Vu, which was 
also decomposed according to G2-representations as 

(3.11) Vv = vig + V7J(p + vi4 + V27 

The expression for T was then inverted to obtain equations for vi, vy, V14 and V27 in 
terms of the old and new torsion components. By analyzing the equations for in 
the case when the original torsion lies in the class Wi © W7 , it was shown that the 
new torsion vanishes if and only if the original G2-structure was also torsion free, 
and moreover Vw — 0. Similarly it was shown that there are no deformations of this 
type which preserve the strict Wi torsion class. Here we will attempt something 
different - what if the torsion is in the class Wi © W7 and we want to obtain the 
class Wi. From the expression (|3.7p we already know that this is possible to do 
with a conformal transformation. However if it were possible to go from Wi © W7 
to Wi using X G Ay, then a composition of the two types of deformation would 
actually give a much more complicated and interesting deformation that preserves 
the class Wi. 

4. Conformally nearly parallel G2-structures 

Suppose now we have a G2-structure (95, g) with torsion lying in the strict class 
Wi © W7 -that is, both ti and T7 are non-zero. We then deform ip to ip given by 

(4-1) ^ = (p + «^V6cde • 

As we know from (I3.10p . the metric defined by p is positive definite, so ip does indeed 
define a G2-structure. From |10j . we can also write down the torsion components 
of ip. As before, M = with respect to the old metric g, and Vw is decomposed 
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into components as in p.ll|) . Here we show the expression for fi and fy, the 1- 
and 7-diniensional components of the new torsion Tab- 

((1 + iM) Ti - t;i - f {T,r Va + f Va) 



Tl = 



(1 + My 



irr)^ = (-7),-g^. {r7).Vb + ^^^^^ 

(3 (M + 2) {vr)^ + V- + 'v- Mbd + 3^,,,v- M") 

6(1 + M) 

The expressions for fi4 and f27 can similarly be written down in terms of ti, ry and 
the components of ^v, using the general results in [lOj . however they are rather 
long and not very enlightening. Also, as shown in jlO| . the linear equations for the 
torsion components can be solved for the components of Vw in terms of the old 
torsion and the new torsion. Hence if we require the new torsion to be in a specific 
torsion class, this would give us a differential equation that v has to satisfy. We 
will try to find conditions that will have the G'2-structure in Wi © Wj class to a 
G2-structure that only has a 1-dimensional torsion component. Using the general 
expression for Vw in [lOj . and setting T14 = T27 — and fi — fi^ = = 0, we 
thus have: 

Proposition 4.1. Suppose {^p,g) is G2-structure with the only non-vanishing 
torsion component ti and ry. The new G2-structure ^ obtained via the deformation 
{4-1^ then has torsion in class Wi with the non-vanishing component ti if and only 
if V satisfies: 



(4.2) VaVb = {Ti~{l + M)i Tl-{Tr),v' 



gab 



+4 (1 + M)-i T.VaVb + (-3 {M - 3) (tt), ab 

- (M + 33) Va (T7)fc + 3(1 + M) (ry), Vb 

-\v'Vcab (Sri - 4f 1 (M + 9) (1 + M)--- + r^M ~ 12 (r^), v'') 

+l2vaV-'' b (^7), ~ Uvb^-" a (ry)^ va + 12 (ry)^ va^^ 

Note that fi has to be a constant due to the conditions on the torsion (|2.11l) . 
While it is too difficult to solve equation (|4.2p directly, we can obtain conditions 
under which the equation is at least consistent. In this equation v has lowered 
indices, so we can consider this as a 1-form v° . Then 



= 2V[aU6] 

ab 



However d^ — 0, and thus the exterior derivative applied to the anti-symmetrization 
of ()4.2p must give zero. From these considerations we get the consistency conditions 
in Proposition 14.21 below. The extra equations which we get from the consistency 
conditions are very important to simplify the equation (j4.2p . 



Proposition 4.2. The equation |^.^[ ) is consistent with the necessary condition 
d'^v^ = if and only if all of the following conditions are satisfied: 
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(1) For some smooth function V, 

(4.3) Vrr 

(2) The 7 -dimensional component tj of the original torsion satisfies 



(4.4) Vt7 = --^ g + - {V^tI + Wti + 3) T7 T7 

(3) T/ie 1-dimensional component f 1 0/ t/ie new torsion satisfies 

(4.5) f^ = _L(i + y2|^^|2^)^(^^^_3^ 

Proof. As outlined above, we apply the condition ^[aSbVc] = to 
During the simplification process we apply (j4.2p again, and moreover use the con- 
ditions drj = 0, dri — riTy and dfi = 0. In the end we obtain an expression for 
the 3-form d'^v^ in terms of u, ti, fi, ry and Vry. Since the whole 3-form must 
vanish, so must the components of the 3-form in Af , A7 and A27. So let be the 
scalar corresponding to the K\ component and let ^7 and ^27 be the vector and the 
antisymmetric symmetric tensor corresponding to the A7 and A27 components of 
d^v' , respectively. 

Then by considering the equations — 0, (^7)° Va — Q and (^27)„m "^"f^" — Oi 
we can express (Va (t?)^) v^v'', V [tj)^ and |r7|^ in terms of M, ti, f 1 and (t7, w). 
In particular, we find that 

3(r7,u)^ (3Af2 - lOM-l-51) 



(4.6) |t7|' 



(7M2 - 66M - 9) M 
4(t7,«) (Af + 9)'(Ti(l + M)^ -4f] 

3 (l + M)^(7M2-66M-9) 

TlM{M + Qf 16 rifiAf(M + 9)^ 



9 7M2 - 66M - 9 9 (1 4, m)^ (7Af2 _ QQM - 9) 
_^32 T\M{M + 9f 

9 (1 + Af)^ (7Af2 - 66Af - 9) 

Further, we can consider the vector equations ^7 = 0, ^abc^^^7 — 0; (?27)mn ^" — 
and (^^jj, (^27) n ^^"'i''^ = 0. From these, in particular, we find 

(A '7\ {t7,v) , I ,2 {T7,vf 

(4.7) T7 = — — — V and T7 = — — — . 

^ ^ M ' ' Af 

Equating (14.61) and (14. 7p . and solving for f^, we obtain an expression for f 1 in terms 
of Ti, r7 and z). 

- l (l + A/)^(A//ri-3(T7,z;)) 

It can be checked that this expression for ti is in fact consistent with the assumption 
dTl ^ 0. 

Next, from equations ($27)06 = 0' V""^ {a {^27)h)d'"c ^ Q &nc\ip^'"^tp^^ VcVe {^27) 
we finally obtain an expression for Vq (t7)j. Using (|4.7p and (|4.8p to eliminate |r7|^ 
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and f 1 from the resulting expression, we overall get: 
(4.9) 

{T7,v)iM -3){Mti + {t7,v)) (TlM^ + 6{T7,v)MTl+S{T^,vf^ 

= ^+ w;^;' " 



2 



Now since v is proportional to ry, let us write v — Vti for some smooth function 
V. Then 

(4.10) M ^ \vf ^ V'^ ItjI^ and {Tr,v) ^ V {rrf 

Thus we get the expressions (|4.4p and (|4.5p for Vry and fi in terms of V. □ 

Now it is easy to see that if v is proportional to ry and f i satisfies (|4.5p . then 
the equation (|4.2I) for u is equivalent to the equation (j4.4p for ry. However since 
these conditions are required for the consistency of (14.21) , the equation (j4.2p is in fact 
equivalent to (|4.4I) together with conditions (14.31) and (14. 5p . This is now something 
that we can solve, however for that we will need the following lemma. 

Lemma 4.3 ([4]). Let M be a n-dimensional Riemannian manifold. Then the 
metric g satisfies 

(4.11) VaVb/l = Xgab 

for functions h and A if and only if the underlying smooth manifold is (a, b) x N , 
for a (n — 1) -dimensional manifold N , with a warped product metric g given by 

(4.12) 5 = 2+|V/i|'g 

where g is the induced metric on the {n — 1) -dimensional slices. 

Theorem 4.4. Consider a deformation of {^,g) with Tab lying in the strict 
class Wi ® 14^7 to {ip, g) with Tab lying in the class Wi . Then, such a deformation 
exists if and only if M is a warped product manifold I Xf N for some interval I 
and 6-dimensional manifold N . There are three cases: 

(1) If = ^ty, then for a 6-dimensional metric g, the original metric g and 
new torsion ti must be given by 

(4.13) g = ^+rr^O|r,|^g 

(4.14) fi = 

(2) Ifv^ = -^rr, then 

(4.15) g = -±^+rj\Tjfg 

\t7\ 

(4.16) f? = Il(^rl+9\rj\ 
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(3) If = n"^"^ where — for an arbitrary constant A, then 

(4.17) . ^ 4 + 

lA^R^ f3 1 if -if ( ^Ar,\r,\' \ 

^'■''^ = MAfif^-9) y^^^) 

Proof. From the expression for Vv (|4.2p . we find that 

(4.19) dM ^ ^ (v^ \Tr\^ n + y2 |.r7|2 + Vti + l) tt 
However, from (14.101) . 

(4.20) dM = 2V\t7\'^ dV + 2V'^Trj{VT7) 

So equating ()4.19p and (|4.20p . and using (|4.4p . we get an expression for dV: 

(4.21) di/ = ii/ (3 _ y2^2) ^7 

Now consider d{VTi). Using (|4.2ip and the fact that that dri = T1T7 we find that 

(4.22) d (Fri) = I {9Vti - V^tI) T7 

D 

Let / — Vti, so we have the equation 

(4.23) d/ = i(9/-/3)d(logTi). 

Consider the constant solutions first. Since ri is non-zero, the solution f — 
implies that V = 0, and hence w = 0, so this is a degenerate solution. The non- 
trivial constant solutions are / = ±3. If / = Vti = 3, then in (|4.5p . fi = 0. In this 
case, from (|4.4p . we find 

(4.24) Vr7= (^^-|T7|'^5 + 5T7®r7 

Now using (|4.24p and dri = tiTi we can relate the metric to the Hessian of a 
function via the following expression 

(4.25) VaVb (rr^) = -5x^5 (^^ - |t7|'^ gab- 

Hence by Lemma [4.31 we get (|4.13p . Now consider the solution / = Vti = —3. In 
this case, from (14.51) we find 



(4.26) V^\r7f = -'-^-l. 
Using the fact that V = and (gJH) in (j4.4p we have 

(4.27) Vt7 = (2f ? - r?) g - T7 ® r7 

9ti 

However, in the Wi © 1^7 class, tj — dlogri, so we rewrite (|4.27p in terms of ri: 

(4.28) VaVfeTi = ^ (2f3 - tI) gab 

Hence, by Lemma [4.31 the metric must be (|4.15p . Using (|4.26p . we also find that 
fi satisfies (|4.16p . 
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Suppose now / is non-constant. Then whenever the right-hand side of ()4.23|) 
is non-zero - that is, / 7^ ±3, we can separate variables in (|4.23|) . Integrating, we 
obtain 

(4.29) f = 1 



Ari-1 

for some positive constant A. Suppose now / = ±3 at some point, then if / is non- 
constant, we must have — > 9 in (|4.29p for some values of A and ti. However, we 
can see from (|4.29l) that this happens if and only if |ti| — > 00, but ri is smooth, so 
in fact, either / = ±3 (so these are singular solutions of l4.23p or / is nowhere equal 
to ±3 and is given by (|4.29p everywhere. We have already covered the constant 
cases above, so now we can assume that (j4.29l) holds everywhere. In particular from 
(|4.29p we also get the relations 

(4.30) V' = and = Af {f 9) 

From l|4.5p . find can find \tj\^ in terms of / and f\. Also, note that from (|4.23p we 
get 

VaVb/ = -i/ [f - 9) (tt), + ^|^,~gj v,/Vb/. 



So overall, we can rewrite (14. 4p as an equation for / in the form 
(4.31) VaVb/ = P(/)gah + Q(/)V,/Vfc/ 

for some functions P (/) and Q (/). The exact form of P (/) is not very important, 
but Q (/) is given by 

, 2 (/2 - 3/ - 6) 
/(/2-9) ■ 

In order to reduce (|4.3ip to the form (|4.1ip we need to find a function F (/) that 
satisfies 

d'^F dF 

_ + _<3 ,;,.„, 

For such an F^ the Hessian would be proportional to the metric. Let G — then 
by separation of variables, we solve (I4.32p for G and get the solution 

6(/-3)* 



(4.33) G : 



/^(/ + 3) = 



Note that we have chosen a constant factor for convenience. Since / is nowhere 
vanishing and is nowhere equal to —3, this can be integrated further to find F. 
Hence for this F, Va^bF is proportional to gab- Therefore by Lemma 14. 3[ the 
metric must be a warped product of the form 

(4.34) g = —^dF^ + | VF|^ g 
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Note that = -^j^ = and therefore, using (|4.23p . we get 




Thus we obtain the metric (|4.17p . From (|4.5p we get the expression (|4.18p for fi 



It was shown in by Cleyton and Ivanov in [5] that by considering a warped 
product of an open interval over a 6-dimensional nearly Kahler manifold, it is 
possible to obtain 7-dimensional manifolds with G'2-structures. Moreover, it has 
been shown that for such a construction the tu torsion component {t2 in the 
notation of [5]) will always vanish, and moreover, it is possible to find parameters 
such that the T27 torsion component (T3 in [5]) will also become zero, leaving only 
Ti and r7 non-zero (tq and ti in their notation), which are given in terms of the 
warp factor. In particular, if the metric is dt^ + h (i)^ g for warp factor /i > 0, then, 
using our conventions for the torsion components, 

(4.35) Ti = /i^^cr sin 6* and T7 = /i^^ (cr cos 6* — ft,') dt 

where cr is a constant related to the scalar curvature of the 6-dimensional manifold 
and [t) satisfies 9' = h^^asmO. These are precisely the kind of manifolds that 
appear as solutions in Theorem 14.41 - warped product 7-manifolds with torsion 
in Wi © W7. The warp factors in Theorem 14.41 have to be consistent with the 
expressions (14.351) , and so for each case in Theorem 14.41 we get a system of two 
first-order ODEs for h and 6. Given appropriate initial conditions we can say 
that solutions exist, however the analysis of these solutions is something to be 
investigated further. Therefore, we can construct examples of 7-manifolds with a 
conformally nearly parallel G'2-structure such that a non-infinitesimal deformation 
in Ay gives a G'2-structure in a strictly smaller torsion class. Moreover, applying 
a conformal transformation p.6p we can obtain a nearly parallel G'2-structure, for 
which a combination of a conformal transformation and a Ay deformation lead to 
another nearly parallel G2-structure. As we have seen, there are various non-trivial 
relationships between different G2-structures and it will be a subject of further 
study whether it is possible find transformations between other G2 torsion classes. 
In particular, so far we only have a grasp on deformations that lie in A^ and A^, 
however it is likely that deformations in Ajy could yield the most interesting results. 
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